It is known that the maximal ideals in the rings C(X) and C*(X) of continuous and bounded continuous functions on X, respectively, are in one-to-one correspondence with j3X. We have shown previously that the same is true for any ring A(X) between C(X) and C*(X). Here we consider the problem for rings A(X) contained in C'{X) which are complete rings of functions (that is, they contain the constants, separate points and closed sets, and are uniformly closed). For every noninvertible / £ A(X), we define a z-filter Z>.A(/) on X which, in a sense, provides a measure of where / is 'locally invertible'. We show that the map ZA generates a correspondence between ideals of A(X) and z-filters on X. Using this correspondence, we construct a unique compactification of X for every complete ring of functions. Each such compactification is explicitly identified as a quotient of fiX. In fact, every compactification of X arises from some complete ring of functions A(X) via this construction. We also describe the intersections of the free ideals and of the free maximal ideals in complete rings of functions.
INTRODUCTION
If X is a completely regular space then the collection C(X) of continuous realvalued functions on X is a ring under pointwise operations. The ring C(X) and its subring C*(X), consisting of the bounded elements of C{X), have been studied extensively (see [4] and [1] ). The resulting theory of 'rings of continuous functions' is beautifully presented in the now classic text of Gillman and Jerison by that title. One of the main achievements in this theory is the characterisation of the maximal ideals in the rings C(X) and C* (X) . Although the problems of characterising the maximal ideals in C(X) and C*(X) are quite different, they have the same solution-namely, the set of maximal ideals in each is in one-to-one correspondence with /3X, the Stone-Cech compactification of X. In [6] , a method was developed to characterise the maximal ideals in any ring A(X) of continuous functions on X with A(X) D C*(X), and in [2] the method was used to study deeper properties of these rings. The technique of 'local invertibility' used in these papers has the desirable effect of putting the problems of characterising the maximal ideals in C{X) and C*(X) into a common setting. This [2] is achieved by defining a map ZA from the noninvertible elements of A(X) to the zfilters on X, which lifts to one that maps ideals in A(X) to z-filters. In this paper we consider how the concept of local invertibility can be apphed to rings A(X) contained in C*(X). It turns out that the rings for which an analogous map ZA is useful are complete rings of functions-those which contain the constants, separates points and closed sets, and are uniformly closed. The rings A(X) 3 C*(X) studied in [6] and [2] in fact satisfy these conditions; however, the proofs there make essential use of the fact that A(X) D C*(X) so they do not in general carry over to the case we consider here.
In Section 1 we define the map ZA and show that it maps ideals to z-filters. We prove that Z*j[ , the inverse of ZA , maps z-ultrafilters to maximal ideals, although not necessarily in a one-to-one fashion (as opposed to the case in which C*(X) C A(X)). In Section 2 we use Z^ to construct a correspondence between compactifications of X and complete rings of functions on X. (Compare [3, p.301] .) Our correspondence is explicit in the sense that a procedure is given for determining those points of /3X (that is, z-ultrafilters on X) which are identified to yield the compactification that corresponds to any specified A(X). Finally, in Section 3 we study the intersections of the free ideals and the free maximal ideals in A(X). Any terminology or notation not specifically defined in this paper is to be understood as in [4] .
THE CORRESPONDENCE BETWEEN IDEALS AND FILTERS
Let X be a completely regular space. A subalgebra A(X) of C*(X) is called a complete ring of functions if it contains the constants, separates points and closed sets, and is uniformly closed (see Engelking [3, p.301] ). Throughout this paper A(X) will always denote a complete ring of functions.
We first remark that if
then f is invertible in A(X).
PROOF: Choose a > 0 such that 0 < ac < af(x) < 1 for all x £ X. Then 0 < 1 -o/(a:) ^ 1 -ac < 1, so (
a) The function f G A{X) is noninvertible in A(X) if and only if Z A ( / ) is a z-Slter on X. (b) If I is an ideal in A(X), then Z A [I] is a z-Slter on X. (c) If T is a z-Slter on X, then Z^[^F] is an ideal in A(X).
The next theorem gives a more explicit description of the ideal Z^"[^].
THEOREM 1 . 4 . If T is any z-Slter on X, then ZX[.F] = {/ G A(X):
PROOF: Let / G Z7 [^] . This means Z A (f) C T. We claim that lim / = 0.
Z(f)
To prove this we shall show that To, the z-filter of zero-set neighbourhoods of 0 in R, is contained in B = {f{E): E G Z ( / ) } . Let V G To and let E = [4] Then E £ Z{\f\) by Lemma 1.2(c), and hence E G Z(/) by Lemma 1.2(f). We now show that Z*^ maps z-ultrafilters to maximal ideals. We need a preliminary lemma. PROOF: Theorem 1.6 guarantees the existence of this map. To show it is onto, let M be a maximal ideal in A(X), and let U be a z-ultra filter containing the z-filter Z A [M] . Then M C Z^ [U] , and so M = Z^ [U] . D EXAMPLE 1.8: We show that the map defined in the preceding theorem need not be one-to-one. Let X = (0, 1), and let A(X) = {/ £ C*(X): Urn Hx) = lim fix)}. 
T H E CORRESPONDENCE BETWEEN COMPACTIFICATIONS AND SUBRINGS
In this section we show that there is a natural correspondence between complete subrings of C*(X) and compactifications of X. It is well known that every compactification of X is a topological quotient of /3X. Our map Z^ gives an explicit construction of the equivalence relation on /3X leading to each such quotient.
Recall that in the Stone construction of /3X, the points of (3X are the 2-ultrafilters on X. The points of (3X will be denoted by the letters p, q, ... . When we need to emphasise that these points are z-ultrafilters, we shall write H p ,H q , . . . . In this notation the space X is canonically embedded in (3X via the map p i -> H p , where U p is the z-ultranlter of all zero sets in X containing p G X. The next theorem makes dear that the situation described in Example 1.8 is in fact the typical case.
THEOREM 2 . 2 . Z^ is one-to-one on 0X if and only if A(X) = C*(X).
PROOF: The subring A(/3X) of C*{PX) is clearly uniformly closed, contains the constants, and is naturally isomorphic to A(X). Now suppose ZJ" is one-to-one, and let p ^ q £ PX. Then by Lemma 2.1, there exists / G A{X) such that fP(p) ± f 0 (q).
Thus A(j3X) separates the points of PX, and so by the Stone-Weierstrass Theorem,
A(/3X) = C*(PX) ~ C*(X). Hence A(X) = C*{X).
The converse is known [6, 2] . D
THEOREM 2 . 3 . Let f e C*(X). Then f has an extension f A to 0 A X if and only if f G A(X).

PROOF: Let C A (X) = {/ G C*{X): f has an extension f
A to P A X), and let For every complete ring of functions we have constructed a compactmcation of X. We now show that every compactification arises in this fashion, and that the resulting correspondence between rings and compactiiications is one-to-one. DEFINITION: Let X be a complete regular space and let aX be a compactification of X. We denote by A a (X) the subring of C*(X) consisting of those functions that extend to aX. We write f a for the extension of / to aX; thus:
rjA '• PX -* PAX denote the canonical projection. We must show that CA(X) = A(X). So let / G A(X), and suppose p, q G (3X
A a (X) = {/ G C\X): f has an extension f a } .
PROPOSITION 2 . 4 . A a (X) is a complete ring of functions.
P R O O F : Clearly A a (X) is a subring of C*(X) that contains the constants and is uniformly closed. We show that it separates points and closed sets. Let B be a closed subset of X and let x G X, x £ B. Denoting the closure operator in aX by cl a , we have x g c\ a B, so there exists / € C*(aX) such that f(x) £ d a ( / ( d a B) ). Hence f\x separates x and B. U
Recall that two compactifications of X are equivalent if there is a homeomorphism between them that leaves X pointwise fixed. THEOREM 2 . 5 . There is a one-to-one correspondence between the complete subrings of C*(X) and the compactifications of X.
PROOF: We claim that the compactification aX is equivalent to the compactification 0A a X. To prove this, we first note that A a (X) is isomorphic to C*(aX), since A a (X) consists precisely of those functions in C*(X) that extend (necessarily uniquely) to aX. This induces a homeomorphism between the compact spaces PA a X and ($c '(aX) a X that leaves X fixed. But Pc*(aX) a X -P( a X) = aX, since aX is compact. This proves the claim.
It follows from Theorem 2.3 that if A(X) is a complete ring of functions then Ap A (X) -A(X).
Thus we have constructed two correspondences, one taking complete rings of functions on X to compactifications of X, and one taking compactifications to complete rings,
We have also shown that these correspondences are inverse to each other, and so they are one-to-one and onto. is empty or not. The problem of describing the intersection of the free maximal ideals in C(X) has been studied extensively (see, for example, [4, p.123], [5] , and [7] ). The analogous problem for subrings of C(X) containing C*(X) was considered in [6] and [2] . In this section we describe the intersections of the free maximal ideals and of all free ideals in subrings A(X) of C*(X).
LEMMA 3 . 1 . T i e ideal M in A(X) is maximal if and only if M = A(X) n N, where N is a maximai ideal in C*{X).
PROOF: If N is maximal in C*(X), then there is a z-ultrafilter U on X such that N = Zp. 
Let L(X) be the subring of C*(X) generated by C^X) together with the constant functions. By the preceding claim and Lemma 3.3, L(X) is a complete ring of functions (since CK(X) C COO(X)). The compactification /3i,X is clearly the onepoint compactification of X, which is a quotient of every compactification. Thus by Proposition 3.4, every complete ring of functions on X contains L(X). U
COROLLARY 3 . 6 . If X is locally compact, then the intersection of the free maximal ideals in any complete ring of functions A(X) is Coo(X).
We now consider the intersection of all free ideals in A(X). For every p G f3X we define Q 
